
Arrangement dependence of interparticle force in nematic colloids

Takahiro Kishita,1 Kenji Takahashi,1 Masatoshi Ichikawa,1,* Jun-ichi Fukuda,2,† and Yasuyuki Kimura1,‡

1Department of Physics, School of Sciences, Kyushu University, 6-10-1 Hakozaki, Higashi-ku, Fukuoka 812-8581, Japan
2Nanotechnology Research Institute, AIST, 1-1-1 Umezono, Tsukuba 305-8568, Japan

�Received 19 October 2009; published 7 January 2010�

We have experimentally and theoretically studied the interparticle force between two colloidal particles with
different sizes accompanied by hyperbolic hedgehog defects in a nematic liquid crystal. The force f was
directly measured using dual-beam optical tweezers and calculated theoretically from the equilibrium tensor
field around the particles. The dependence of f on the center-to-center distance between particles of different
sizes R is different from that for particles with the same size. The magnitude of f depends on the relative
arrangement of the particles: f is larger when a defect between the particles belongs to the larger particle. From
the theoretical calculation, the difference in f between the two arrangements, �f , monotonically increases with
increasing size difference. The difference �f was experimentally and theoretically found to be proportional to
R−4.6 at large R. The obtained exponent is comparable to the exponent of −5 predicted by electrostatic analogy.
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The interaction between colloidal particles in isotropic
fluids has been intensively studied from both fundamental
viewpoints and for its applications. In particular, van der
Waals and electrostatic interactions act over a long distance
and are important for the stability of large colloids in isotro-
pic liquids. The magnitudes of these interactions are typi-
cally on the order of the thermal energy at a distance of
micrometers �1,2�. However, the specific interaction between
colloids in structured fluids such as liquid crystals �LCs� and
polymers has not been fully studied.

A LC is an anisotropic fluid in which the rotational sym-
metry is broken. A nematic liquid crystal �NLC� is a typical
liquid crystalline phase. In an NLC, the centers of mass of
constituent molecules are randomly distributed, but their
long axes point in the same direction on average. This direc-
tion is represented by a unit vector called a director. The
existence of orientational order in a nematic medium induces
the characteristic interaction between colloidal particles dis-
persed in an NLC. The anchoring of the LC at the particle
surface deforms the director field, and the particle is sub-
jected to a force from the NLC to minimize the deformation
�3–8�.

This specific interaction between colloids, mediated by
the elasticity of the NLC, depends on the anchoring condi-
tions at the particle surface �strength and direction� and the
particle size. In particular, in the case of strong homeotropic
surface anchoring, a particle can be regarded as a point de-
fect �radial hedgehog�, and an accompanying defect �hyper-
bolic hedgehog� is spontaneously formed near the particle to
conserve the total topological charge and to minimize the
free energy of the system �5–8�. This type of a particle-defect
pair �see Fig. 1� is often called a dipole owing to its shape
and its behavior, which is analogous to that of an electric
dipole moment.

The dipolar-type interaction between the particles in the
particle-defect pair in an NLC has been theoretically pre-
dicted using the electrostatic analogy �4,6�. The interparticle
force f is proportional to R−4 �R is the center-to-center dis-
tance between the particles� and f is anisotropic, depending
on the angle between the two dipoles. This prediction has
been confirmed experimentally �9–14� and by numerical cal-
culations �15–18�. It has also been established that the inter-
action energy is much larger than those of van der Waals and
screened Coulombic interactions at the same distance. For
example, the attractive interaction energy between two colin-
early aligned dipoles is as large as a few thousand kBT �kB is
the Boltzmann constant and T is the absolute temperature� at
several microns �12–14�.

Recently, we have reported some complex regular struc-
tures that are formed upon the phase separation of an NLC
and polymer mixture �19�. In this phase-separation process,
the size distribution of the polymer droplets is one of the
origins of the variety of self-assembled structures. The inter-
particle force between particles with different sizes is quali-
tatively different from that between particles with the same
size. This feature is important in understanding the mecha-
nism of the formation of these complex structures when de-
signing the desired microstructure in an NLC. Although
some studies on the interparticle force in an NLC have been
reported, they were limited to the force between particles
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FIG. 1. Possible arrangements of two particles with different
sizes. �a� Type A: the larger particle is on the left side �a2�a1�. �b�
Type B: the smaller particle is on the left side �a2�a1�. The two
particles �dipoles� are aligned parallel to the far-field director.
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with the same sizes with some exceptions �6,11,18,20�.
According to the electrostatic analogy of nematic colloids

discussed by Lubensky et al. �6�, the dependence of f on R
for two particles with radii a1 and a2, as shown in Fig. 1, is
given by

f

4�K
= −
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2
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where K is the elastic constant of the NLC �one-constant
approximation�, � is the dipolar constant ��=2.04�, and � is
the quadrupolar constant ��=0.72�. The second term on the
right-hand side of Eq. �1� �dipole-quadrupole term� appears
only for a1�a2, and its sign depends on the relative arrange-
ment of the particles. The attractive force is expected to be
larger in the case of Fig. 1�a� than in the case of Fig. 1�b� at
the same R. Another property predicted by Eq. �1� is that the
difference between the forces in the two arrangements, �f ,
should be proportional to R−5.

The purpose of this Rapid Communication is to study the
arrangement dependence of the interparticle force between
different-sized particles in an NLC, both experimentally us-
ing optical tweezers and theoretically by numerical calcula-
tion.

In experiments, we used dual-beam optical tweezers to
trap two particles with different sizes. One beam is fixed, and
the interparticle force f is evaluated from the displacement of
the trapped particle by the fixed beam �13,14�. The distance
R is varied along the direction parallel to the far-field direc-
tor by scanning the other beam as slowly as 50 nm/s.

Polystyrene latex particles with radii of 2.55 and 2.0 �m
�Magsphere Inc.� were used as colloidal particles. Their sur-
faces were coated with octadecyldimethyl �3-
trimethoxysilylpropyl� ammonium chloride �DMAOP� to
promote the homeotropic anchoring of the LC. For the stable
trapping of particles in an NLC using the optical tweezers,
they were dispersed in an NLC with a low refractive index
�MJ032358, Merck Japan� �21�. To avoid the effect of sur-
face screening �22,23�, we used a cell with the thickness of
over 20 �m.

Figure 2�a� shows the dependence of f on R for the type A
and B arrangements. A negative value of f represents an
attractive force and a positive value represents a repulsive
force. In both arrangements, f is attractive at large R and
repulsive at small R. Such a behavior is qualitatively similar
to that observed for particles with the same size �11,13,14�.
At the distance where f =0, Rf=0, the particles form a stable
pair without direct contact. Rf=0 is, respectively, about 5.4
and 5.3 �m for the type A and B arrangements. These values
are almost 1.2 in the reduced scale Rf=0 / �a1+a2�. For equal-
sized particles, the stable position �f =0� is reported to be
about 1.2�2a �a is the radius of a particle� �5–7,11,13,15�.
At large R, the magnitude of the attractive force in the type A
arrangement is larger than that in the type B arrangement.
The minimal values of f �the maximum values of the mag-
nitude� for arrangement types A and B are, respectively,
−30.2 pN at 6.2 �m and −20.5 pN at 6.1 �m. The differ-
ence in force between the two arrangements at large R can be
qualitatively understood because the distance between the

sandwiched defect and the surface of the other �nonpairing�
particle is shorter for the type A arrangement.

The force f between the particles with the same size has
been confirmed experimentally to be proportional to R−4 at
large R �9–11,13,14�. However, at large R, the force between
particles with different sizes has a stronger dependence on R
as shown in Fig. 2�b�. Noël et al. �11� analyzed the interpar-
ticle force between particles with slightly different sizes us-
ing Eq. �1� and determined the contribution of the higher-
order multipolar components. We also analyzed the
dependence of f on R using Eq. �1� for both types of arrange-
ment. The best-fitted curves obtained using Eq. �1� are drawn
as solid lines in Fig. 2�b�. In the fitting procedure, the aver-

age of the measured splay and bend elastic constants, K̄
=6 pN, was used as the elastic constant K. The best-fitted
values are �=2.38	0.02 and �=0.74	0.05 for the type A
arrangement and �=1.77	0.03 and �=0.09	0.9 for type
B. For the equal-sized particles, we obtained �=2.21	0.04
and �=0.497	0.09 by fitting the data to Eq. �1�, disregard-
ing the second term. Although the obtained values of � are
approximately 2 and are comparable to those utilized in the
electrostatic analogy, the values of � are considerably differ-
ent for each arrangement. This is due to the arbitrariness of
the range of data to which the regression analysis was ap-
plied. Only the asymmetric term can be extracted with better
accuracy, as will be discussed later.

The interparticle force between different-sized particles
was also studied by numerical calculation in this study. Nu-
merical studies on the interparticle force between particles
with the same size in a dipole configuration have been re-
ported �15–18�. Among them, the theoretical force curves
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FIG. 2. �Color online� Dependence of the interparticle force f on
the center-to-center interparticle distance R for particles with radii
of 2.55 and 2.0 �m. The force curves in a logarithmic plot are
shown in �b�. Filled circles �red online�: type A. Empty circles �blue
online�: type B. Empty squares �green online�: particles with the
same size �radius of 2.55 �m�. The solid lines in �b� are the best
fits to experimental data using Eq. �1�. The dotted line in �b� shows
R−4 dependence as a guide to the eye.
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obtained by the method developed by Fukuda et al. �15,16�
are in good agreement with our previous experimental results
for particles with the same size �13�. In the present study, the
method of Fukuda et al. was extended to the case of two
particles with different sizes, and the dependence of f on R
was calculated. Since the detail of the calculation has already
been published �15,16�, only its outline will be reviewed
below.

First, the equilibrium profile of a nematic field around two
particles was calculated for a given interparticle distance D

by minimizing the reduced free energy F̄, written in terms of
a second-rank-tensor order parameter Q �15,16� as

F̄ = �



dr� �

2
Tr Q2 −

�6

4
Tr Q3 +

1

4
�Tr Q2�2 +

�R
2

2
�kQij�kQij� ,

�2�

where � �=−5.4�10−2� is the reduced temperature,
�R �=5�10−3a� is the coherence length of the nematic host,
and 
 is the region occupied by the NLC outside the two
particles. In the following calculation, the length is reduced
by the radius of the larger particle a �for example, D=R /a�.
The system has normal boundary conditions at the particle
surfaces, and a uniform alignment parallel to the z axis is
assumed far from the particles.

In the calculation, we adopted the modified version of
bispherical coordinates with an “adaptive mesh” �24�, which
is applicable to two particles with different radii. Using this
coordinate system, the equilibrium tensor field Q around the

particles was obtained by relaxing the free energy F̄ using

the simple equation of motion �Qij /�t=−
��F̄ /�Qij +��ij�,
where 
 is the kinetic coefficient and � is the Lagrange mul-
tiplier used to ensure that Tr Q=0. From the value of Q

obtained in equilibrium, the force f̄ subjected to a particle
from the nematic field was calculated by integrating the
stress tensor over the surface enclosing the particle �16�.

The dependence of the dimensionless interparticle force f̄
on D, obtained numerically for pairs of particles with differ-
ent sizes, is shown in Fig. 3. The force curves for four dif-
ferent particle ratios, 1:1, 1:0.9, 1:0.8, and 1:0.7, are shown
for both arrangements. In the case of a much larger size
difference, the dipolar configuration tends to be unstable, and
the transition to the Saturn-ring configuration is observed
with decreasing D. In such cases, the interparticle force is
markedly lower than that between dipoles, as reported in
Refs. �25,26�. Therefore, only the force curves for the par-
ticles with a hyperbolic hedgehog at each distance D consid-
ered are shown in Fig. 3.

Similarly to our experimental results, the magnitude of
the attractive force in the type A arrangement is larger than
that in the type B arrangement for the same size ratio. In both
arrangements, the magnitude of the attractive force at large
D monotonically decreases with increasing difference in
size. This can be understood from the electrostatic analogy.

The main contribution to f̄ is from the first term of Eq. �1�,
and its magnitude decreases with increasing difference in
size. The difference between the two arrangements is due to

the contribution of the second term of Eq. �1�. The rate of
decrease in magnitude is smaller in the type A arrangement
because the second term is negative for type A and positive

for type B. Therefore, the difference between f̄ for the two
arrangements monotonically increases with increasing size
difference. The maximum magnitude of the attractive force
increases with increasing size difference for type A but de-
creases for type B. Such a behavior at small D cannot be
understood by considering the electrostatic analogy. This is
probably due to the fact that the repulsive force between
particles is smaller for a pair with a large size difference.

The force curves obtained experimentally and theoreti-
cally are directly compared in Fig. 4. In the figure, the mag-
nitude of f obtained by theoretical calculation is adjusted to
fit the experimental data for type A. The only parameter that
requires adjustment to fit the experimental and theoretical
results is the magnitude of the force curve. For both arrange-
ments and for particles with equal size, the profiles of the
theoretical and experimental force curves are in good agree-
ment. To the best of our knowledge, the direct comparison
between the experimental and simulated force curves has not
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FIG. 3. �Color online� Dependence of dimensionless interpar-

ticle force f̄ on the reduced interparticle distance D. �a� Particles in
type A arrangement �a1�a2�. �b� Particles in type B arrangement
�a1�a2�.
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FIG. 4. �Color online� Comparison between experimentally ob-
tained force curves and theoretical calculations. The calculated
force curves are scaled to fit the experimental result for type A
arrangement �filled circles�.
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been reported before. Their agreement shows the reliability
of both methods utilized in this study.

To discuss the difference in f between the type A and B
arrangements, �f , both experimental and theoretical values
are plotted with a logarithmic scale in Fig. 5. The depen-
dences of �f on D obtained experimentally and theoretically
are in good agreement. The dependence �f �D−5 is also
drawn as a dotted line, which is predicted using Eq. �1�.
Although the dependence of �f on D has a slightly different
exponent of −4.60	0.02 at large R, the electrostatic analogy

also appears to be applicable to particles of different sizes at
large D.

We have experimentally and theoretically studied the in-
terparticle force f between particles with different sizes in an
NLC. The two different arrangements of different-sized di-
poles exhibit characteristic force profiles due to the differ-
ence in the particle sizes. The numerical calculation well
explains the experimental results semiquantitatively. The
asymmetric term of R−5 predicted using the electrostatic
analogy is slightly different from the results for both arrange-
ments. The asymmetric interparticle force in an NLC re-
ported in this Rapid Communication originates from the
asymmetric form of dipolar-type colloidal-defect pairs. This
type of asymmetric force is expected to be useful for manu-
facturing specific self-assembled patterns of colloids in an
NLC. An example of a self-assembled structure fabricated by
phase separation has been reported �19,27�. In such a self-
assembly process, the anisotropic and asymmetric interpar-
ticle force causes the structures to form uniformly, despite
the nematic field being uniaxial.
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FIG. 5. �Color online� Dependence of the difference in the in-
terparticle force between the two arrangements �f on the reduced
interparticle distance D. The dotted line �black online� is propor-
tional to D−5, which is expected from the electrostatic analogy. The
best-fitted slope to the theoretical calculation, drawn as a thick line
�blue online�, is proportional to D−4.6.
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